Gröbner bases of Hilbert ideals of alternating groups  by Wada, Takashi & Ohsugi, Hidefumi
Journal of Symbolic Computation 41 (2006) 905–908
www.elsevier.com/locate/jsc
Gro¨bner bases of Hilbert ideals of alternating groups
Takashi Wada, Hidefumi Ohsugi∗
Department of Mathematics, Rikkyo University, Toshima, Tokyo 171-8501, Japan
Received 6 October 2005; accepted 6 April 2006
Available online 5 June 2006
Abstract
The Hilbert ideal is an ideal generated by invariant polynomials (of strictly positive degree) of a finite
group. In this paper, the reduced Gro¨bner bases and the universal Gro¨bner bases of Hilbert ideals of
alternating groups are studied.
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0. Introduction
Let K be a field and let ρ : G ↪→ GL(n, K ) be a representation of a finite group G over
K . Let K [X ] = K [x1, . . . , xn] denote a polynomial ring over K . Given f ∈ K [X ] and σ ∈ G,
we set σ f = f (ρ(σ )x) ∈ K [X ] where x = t (x1, . . . , xn). A polynomial f ∈ K [X ] is called
invariant under G if σ f = f for all σ ∈ G. The Hilbert ideal H(G) of a finite group G is
the ideal of K [X ] generated by all the homogeneous invariant polynomials of strictly positive
degree.
On Hilbert ideals H(Sn) and H(An), the following was proved in Glassbrenner (1995),
Singh (1998) and Smith (2004) in their study of F-rationality of invariant rings. Let p be the
characteristic of K .
Proposition 0.1 (Glassbrenner, 1995). For p 6= 2,H(Sn) = H(An) if p divides n(n − 1)/2.
Proposition 0.2 (Singh, 1998). For p 6= 2,H(Sn) = H(An) if and only if p divides n!/2.
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Proposition 0.3 (Smith, 2004). For any p,H(Sn) = H(An) if and only if p divides n!/2.
Although such a problem is a typical problem that one can solve by using Gro¨bner bases,
Gro¨bner bases appeared in none of the papers above. On the other hand, the reduced Gro¨bner
bases of H(Sn) appear in Arnaudie`s and Valibouze (1993). An interesting application of the
reduced Gro¨bner bases of H(Sn) is given in Arnaudie`s and Valibouze (1993) for the solution of
Lagrange’s problem, and also given in Mora and Sala (2003) in their study of coding theory. Our
goal is to compute the reduced Gro¨bner bases of H(An) and show the above propositions as a
corollary.
1. Hilbert ideals of Sn
It is known that the Hilbert ideal H(Sn) is generated by elementary symmetric functions
σ1, . . . , σn ∈ K [X ] where σr =∑1≤i1<i2<···<ir≤n xi1xi2 · · · xir .
For given 1 ≤ i ≤ n and 1 ≤ k1 < · · · < ks ≤ n, complete symmetric functions (MacDonald,
1979, p. 14) are
hi (xk1 , . . . , xks ) =
∑
α1+···+αs=i
xα1k1 · · · x
αs
ks
∈ K [X ].
The reduced Gro¨bner basis of H(Sn) is given in Arnaudie`s and Valibouze (1993), see also
Rennert and Valibouze (1999). Consult Mora’s book (Mora, 2003, Section 6.3) for its proof
and related topics.
Proposition 1.1. Let <lex be a lexicographic order on K [X ] induced by the ordering x1 >
· · · > xn . Then the reduced Gro¨bner basis of H(Sn) with respect to <lex is G1 =
{h1(x1, . . . , xn), h2(x2, . . . , xn), . . . , hn(xn)}.
2. Hilbert ideals of An
As stated in Valibouze (1999) we have H(An) = H(Sn) + 〈T (x1, . . . , xn)〉 where
T (x1, . . . , xn) = ∑σ∈An xσ(2)x2σ(3) · · · xn−1σ(n). For 0 6= f ∈ K [X ], let in<( f ) denote the initial
term of f with respect to < and let f
G
denote the normal form of f with respect to a set G.
Lemma 2.1. Let m be a monomial of K [X ] of degree d.
(a) If d > n(n−1)2 , then m
G1 = 0.
(b) If d = n(n−1)2 , then there exists c ∈ K such that mG1 = cx2x23 · · · xn−1n .
In particular, if d = n(n−1)2 and if m <lex x2x23 · · · xn−1n , then we have mG1 = 0.
Proof. Since G1 consists of homogeneous polynomials, mG1 = ∑ri=1 cimi where ci ∈ K and
eachmi (≤lexm) is of degree d divided by none of in<lex(hi ) = x ii with hi ∈ G1. Let x i11 x i22 · · · x inn
be a monomial divided by none of x ii , that is, ik ≤ k − 1 for all 1 ≤ k ≤ n. Then we
have deg(x i11 x
i2
2 · · · x inn ) ≤
∑n
k=1(k − 1) = n(n−1)2 . Hence (a) holds. Note that, in particular,
x i11 x
i2
2 · · · x inn = x2x23 · · · xn−1n if deg(x i11 x i22 · · · x inn ) = n(n−1)2 . Thus we have (b). 
Lemma 2.2. Work with the same notation as above. Then
T (x1, . . . , xn)
G1 = n!
2
x2x
2
3 · · · xn−1n .
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Proof. Let m = x2x23 · · · xn−1n and mi = xixi+1m where 1 ≤ i ≤ n − 1. Note that the
initial term in<lex( f ) of f = mi − mix ii hi is −m and that all monomials of f are of degree
n(n−1)
2 . Thus by Lemma 2.1(b), we have mi
G1 = f G1 = −m. By the same argument, for
σ ∈ An , xσ(i)xσ(i+1) xσ(2)x2σ(3) · · · xn−1σ(n) ≡ −xσ(2)x2σ(3) · · · xn−1σ(n) moduloH(Sn). Since each alternating
permutation σ is an even combination of the transpositions τk = (ik, ik + 1) (1 ≤ k ≤ 2r),
we have xσ(2)x2σ(3) · · · xn−1σ(n) ≡ (−1)2rm = m modulo H(Sn), whence T (x1, . . . , xn)
G1 =∑
σ∈An m = |An| m = n!2 m. 
Corollary 2.3. Work with the same notation as above. Then H(Sn) = H(An) holds if and only
if p divides n!/2.
We now in the position to show the reduced Gro¨bner basis ofH(An). Theorem 2.4 avoids the
automatic computation of a Gro¨bner basis with the generating polynomial T composed by n!/2
monomials that we reduce to the monomial x2x23 · · · xn−1n .
Theorem 2.4. Suppose that the characteristic of K does not divide n!/2, i.e., H(Sn) 6=
H(An). Then the reduced Gro¨bner basis of H(An) with respect to <lex is G2 =
{h1(x1, . . . , xn), h2(x2, . . . , xn), . . . , hn(xn), x2x23 · · · xn−1n }.
Proof. Thanks to Lemma 2.2 and the fact H(An) = H(Sn) + 〈T (x1, . . . , xn)〉, G2 is a set of
generators of H(An). We apply Buchberger’s criterion (Buchberger, 1965) for G2. (See Mora
(2005, Section 22) for Buchberger’s criterion and the definition of the S-polynomial.) Since
G1 is a Gro¨bner basis of H(Sn), the S-polynomial of hi (xi , . . . , xn) and h j (x j , . . . , xn) is
reduced to 0 with respect to G1 ⊂ G2 for all 1 ≤ i < j ≤ n. Let f = x2x23 · · · xn−1n and
we consider the S-polynomial s of hi (xi , . . . , xn) and f. Since the least common multiple of
in<lex(hi (xi , . . . , xn)) = x ii and f is xi f , we have deg(s) = deg( f )+ 1 = n(n−1)2 + 1. Thus, by
Lemma 2.1(a), s is reduced to 0 with respect to G1 ⊂ G2. 
The universal Gro¨bner basis U(I ) of an ideal I ⊂ K [X ] is the union of all reduced Gro¨bner
bases of I . It is known (Sturmfels, 1995) that U(I ) is a finite set and a Gro¨bner basis of
I with respect to any monomial order. For example, U(H(Sn)) consists of all polynomials
hk(xik , . . . , xin ) with k = 1, 2, . . . , n and 1 ≤ ik < · · · < in ≤ n; see Mora and Sala (2003).
Theorem 2.5. Suppose that the characteristic of K does not divide n!/2. Then U(H(An)) =
U(H(Sn)) ∪ {xσ(2)x2σ(3) · · · xn−1σ(n) | σ ∈ Sn}.
Proof. By virtue of Theorem 2.4, the reduced Gro¨bner basis of H(An) with respect to the
lexicographic order <lex induced by xi1 > · · · > xin is
G′i1,...,in = {h1(xi1 , . . . , xin ), h2(xi2 , . . . , xin ), . . . , hn(xin ), xi2x2i3 · · · xn−1in }.
Moreover, for an arbitrary monomial order < on K [X ] with xi1 > · · · > xin , we have
in<lex(g) = in<(g) for all g ∈ G′i1,...,in . Thus G′i1,...,in is the reduced Gro¨bner basis of H(An)
with respect to < as desired. 
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